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We derive an efficient and unbiased method for computing order parameters in correlated electron
systems with competing instabilities. Charge, magnetic and pairing fluctuations above the energy
scale of spontaneous symmetry breaking are taken into account by a functional renormalization
group flow, while the formation of order below that scale is treated in mean-field theory. The method
captures fluctuation driven instabilities such as d-wave superconductivity. As a first application we
study the competition between antiferromagnetism and superconductivity in the ground state of
the two-dimensional Hubbard model.
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Competing order is a ubiquitous phenomenon in two-
dimensional interacting electron systems. A most promi-
nent example is the competition between antiferro-
magnetism and high temperature superconductivity in
cuprate and iron pnictide compounds. Some of the order-
ing tendencies are fluctuation driven, and can therefore
not be captured by mean-field (MF) theory. Numerical
simulations of correlated electrons are still restricted to
relatively small systems.
For weak and moderate interaction strengths, the func-
tional renormalization group (fRG) has been developed
as an unbiased and sensitive tool to detect instabilities to-
ward any kind of order in interacting electron models.1 In
that method, effective interactions, self-energies, and sus-
ceptibilities are computed from a differential flow equa-
tion, where the flow parameter Λ controls a scale-by-scale
integration of fields in the underlying functional integral.
Instabilities are signalled by divergences of effective inter-
actions and susceptibilities at a critical energy scale Λc.
To complete the calculation and compute, for example,
the size of the order parameters, one has to continue the
flow below the scale Λc, which requires the implemen-
tation of spontaneous symmetry breaking. This can be
done either in a purely fermionic framework2 or by intro-
ducing bosonic order parameter fields.3 Both approaches
have been applied already to interacting electron mod-
els, such as the two-dimensional Hubbard model with
repulsive3–5 and attractive6–8 interactions.
The flow in the symmetry-broken regime (Λ < Λc)
is complicated considerably by the presence of anoma-
lous interaction vertices. In complex problems, such as
systems with several competing and possibly coexisting
order parameters, or in multi-band systems, it can there-
fore be mandatory or at least desirable to simplify the
integration of the scales below Λc. A natural possibil-
ity is to treat the low-energy degrees of freedom (below
Λc) in mean-field theory. The generation of instabili-
ties and also the possible reduction of the critical scale
by fluctuations is not affected by such a simplification.
In the ground state, fluctuations below the critical scale
are expected to influence the size of order parameters
only mildly. This has been confirmed for the attractive
and repulsive Hubbard model by several previous fRG
studies.3,5,6,8 A combination of an fRG flow for Λ > Λc
with a mean-field treatment of symmetry-breaking has
been formulated and applied already for a particular fRG
version based on Wick ordered generating functionals.9
However, for calculations beyond the lowest-order trun-
cation, another fRG version, which is based on the ef-
fective action,10,11 turned out to be more efficient, as
it avoids one-particle reducible contributions, and self-
energy feedback can be implemented easily.
In this paper we derive a consistent combination of the
one-particle irreducible fRG with MF theory for symme-
try breaking. The resulting scheme differs from the naive
idea of plugging the effective interaction at scale Λc (or
slightly above) into the mean-field equations. We demon-
strate the performance of the combined fRG + MF theory
by computing antiferromagnetic and superconducting or-
der parameters in the ground state of the repulsive two-
dimensional Hubbard model, including the possibility of
coexistence of both orders.
To see how a mean-field treatment of symmetry break-
ing can be linked to the fRG flow, we consider the case
of superconductivity as a prototype. Fermionic fRG flow
equations for spin-singlet superfluids have been already
derived and studied in detail.2,7,8,12 In a one-loop trunca-
tion with self-energy feedback,13 the flow is determined
by two coupled flow equations for the self-energy ΣΛ and
the two-particle vertex ΓΛ, respectively. Both quantities
contain anomalous components in the symmetry-broken
regime.
The flow equation for the self-energy (normal and
anomalous) is given by14
d
dΛ
ΣΛs1s2(k) =
∑
s′1,s
′
2
∫
k′
ΓΛs1s′1s′2s2(k, k
′, k′, k)SΛs′2s′1(k
′) ,
(1)
where SΛ = ddΛ G
Λ
∣∣
ΣΛ fixed
is a scale-derivative of the full
propagator GΛ which acts only on its bare part GΛ0 . The
variable k = (k0,k) comprises momentum and Matsub-
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2ara energy,
∫
k
is a short hand notation for T
∑
k0
∫
ddk
(2pi)d
,
and si = ± are indices labeling the two components of
Nambu spinors. ΣΛ++(k) = −ΣΛ−−(−k) = ΣΛ(k) is the
normal self-energy, and ΣΛ+−(k) = Σ
Λ∗
−+(k) = −∆Λ(k)
the (sign-reversed) gap function. Note that the vertex
enters only with a special choice of momenta correspond-
ing to zero total momentum (Cooper channel) or zero
momentum transfer (forward scattering).
The flow of the vertex is given by a sum of three
distinct one-loop contributions.8 It was shown previ-
ously that in mean-field models with reduced interac-
tions, such as the reduced BCS model, only the channel
which generates the instability contributes to the vertex
flow.2 Hence, the other two channels describe fluctua-
tions. Our strategy is thus to take all contributions to
the vertex flow into account above the scale for symme-
try breaking, but discard the fluctuation channels be-
low. For a singlet superfluid, discarding the fluctuation
terms in the flow equation for the vertex leads to a sim-
plified flow equation for the relevant vertex components
ΓΛs1s2s3s4(k, k
′) = ΓΛs1s2s3s4(k, k
′, k′, k),
d
dΛ
ΓΛs1s2s3s4(k, k
′) =∑
s′i
∫
p
ΓΛs1s′2s′3s4(k, p) Π˙
Λ
s′1s
′
2s
′
3s
′
4
(p) ΓΛs′4s2s3s′1(p, k
′) , (2)
where ΠΛs1s2s3s4(p) = G
Λ
s1s2(p)G
Λ
s3s4(p), and the dot de-
notes a Λ-derivative.
We denote the scale at which we switch from the full
fRG to the mean-field treatment by ΛMF. Typically ΛMF
will be chosen slightly above the critical scale Λc. The
full fRG flow for Λ > ΛMF yields Σ
ΛMF and ΓΛMF , which
pose the initial condition for the remaining (mean-field)
flow for Λ < ΛMF. The coupled equations (1) and (2) for
the self-energy and vertex describing the mean-field flow
for Λ < ΛMF can be integrated with arbitrary initial con-
ditions at Λ = ΛMF. The resulting vertex is determined
by a Bethe-Salpeter-type integral equation
ΓΛs1s2s3s4(k, k
′) = Γ˜ΛMFs1s2s3s4(k, k
′)
+
∑
s′i
∫
p
Γ˜ΛMFs1s′2s′3s4
(k, p) ΠΛs′1s′2s′3s′4(p) Γ
Λ
s′4s2s3s
′
1
(p, k′) , (3)
and the self-energy by a Hartree-type equation of the
form
ΣΛs1s2(k) = Σ
ΛMF
s1s2 (k)
+
∑
s′1s
′
2
∫
k′
Γ˜ΛMFs1s′1s′2s2
(k, k′)
[
GΛs′2s′1(k
′)−GΛMFs′2s′1 (k
′)
]
. (4)
The vertex Γ˜ΛMF on the right hand sides is the irreducible
part of ΓΛMF , which can be determined from the latter
via Eq. (3) at Λ = ΛMF. Contributions which are two-
particle reducible in the symmetry breaking channel are
removed in Γ˜ΛMF . The computation of ΣΛ from Eq. (4)
does not require a computation of the vertex for Λ <
ΛMF.
To obtain the physical self-energy and vertex, with all
degrees of freedom integrated, it suffices to solve Eqs. (3)
and (4) for Λ = 0. Choosing ΛMF ≥ Λc, the vertex ΓΛMF
and its irreducible part Γ˜ΛMF have no anomalous compo-
nents, which simplifies the computation considerably. In
particular, the equation for the gap function becomes
∆(k) = −
∫
k′
V˜ ΛMF(k, k′)F (k′) , (5)
where F (k) is the anomalous propagator, and
V˜ ΛMF(k, k′) is the irreducible part of the spin-singlet
component of the normal two-particle vertex15 in the
Cooper channel,
V ΛMF(k, k′) =
1
2
ΓΛMFs (k,−k;−k′, k′) , (6)
which is related to the latter by
V ΛMF(k, k′) = V˜ ΛMF(k, k′)
−
∫
p
V˜ ΛMF(k, p)GΛMF(p)GΛMF(−p)V ΛMF(p, k′) . (7)
To compute ∆, one first computes V ΛMF from the fRG
flow, then solves the linear integral equation (7) for
V˜ ΛMF , and finally the gap equation (5).
The fRG + MF procedure described above solves
mean-field models exactly, by construction. For mean-
field models, the irreducible vertex Γ˜ΛMF is just the bare
vertex for any ΛMF. The integration over momenta and
frequencies on the right hand side of the equation for
ΣΛ is not restricted by ΛMF. This differs from the Wick
ordered fRG + MF scheme,9 where integrations are re-
stricted by ΛMF as an upper cutoff. On the other hand,
in that approach the full vertex ΓΛMF enters, not only its
irreducible part. However, that scheme, and also its ana-
logue for the one-particle irreducible fRG16, suffers from
systematic errors even for mean-field models. In par-
ticular, the order parameter obtained from solving the
mean-field equations with the full vertex exhibits an ar-
tificial divergence when ΛMF approaches Λc, due to an
overcounting of contributions.
The generalization of the above fRG + MF procedure
to other instabilities is straightforward. The crucial point
is that the irreducible part Γ˜ΛMF of the relevant vertex
component has to be inserted as effective interaction in
the mean-field equation for the order parameter. The
computation of Γ˜ΛMF from ΓΛMF is done for each insta-
bility channel separately, even in cases of coexistence of
order in different channels.
To illustrate the performance of the fRG + MF theory
in a situation of competing instabilities, we now present
an application to the two-dimensional Hubbard model.
The model is well-known for its intriguing competition
between antiferromagnetism and superconductivity.17 In-
deed the fRG flow of the vertex generically diverges either
3in the antiferromagnetic or in the d-wave pairing chan-
nel in that model.1 Hence we allow for antiferromagnetic
and superconducting order, including the possibility of
coexistence. Although the antiferromagnetic wave vec-
tor may deviate from (pi, pi), we consider only the case of
conventional Nee´l order for simplicity.
The effective interaction for singlet pairing is given by
Eq. (6), and its irreducible part by Eq. (7). Similarly,
the effective interaction triggering antiferromagnetism is
given by
UΛMF(k, k′) =
∑
σ′=↑,↓
sσ′Γ
ΛMF
↑σ′σ′↑(k+Q, k
′, k′+Q, k) , (8)
where s↑, s↓ = ±1, and Q = (0,Q) with the antiferro-
magnetic wave vector Q = (pi, pi). Its irreducible part is
obtained from the integral equation
UΛMF(k, k′) = U˜ΛMF(k, k′)
+
∫
p
U˜ΛMF(k, p)GΛMF(p)GΛMF(p+Q)UΛMF(p, k′) . (9)
So far, the formalism allows for dynamical (frequency
dependent) effective interactions and order parameters.
In this first application, we will discuss only the static
mean-field theory obtained from the static (zero fre-
quency) effective interactions UΛMFkk′ and V
ΛMF
kk′ . We will
also discard normal self-energy contributions. The super-
conducting and antiferromagnetic order parameters are
then defined as gap functions in the usual form9
∆SCk =
∫
k′
V˜ ΛMFkk′ 〈pk′〉 , (10)
∆AFk =
1
2
∫
k′
U˜ΛMFkk′ 〈mk′〉 , (11)
where pk = ak↑a−k↓ is the Cooper pair annihilation op-
erator, mk = a
†
k↑ak+Q,↑ − a†k↓ak+Q,↓ is the operator for
staggered magnetization, and
∫
k
is an abbreviation for∫
d2k
(2pi)2 . We choose the phase of the superconducting or-
der parameter such that ∆SCk is real. A mean-field de-
coupling of the reduced effective interactions yields the
mean-field Hamiltonian
HMF = H0 +
∫
k
∆AFk
(
mk − 12 〈mk〉
)
(12)
+
∫
k
∆SCk
(
pk + p
†
k − 12 〈pk + p†k〉
)
, (13)
where H0 =
∫
k
knk is the kinetic energy. For the Hub-
bard model with nearest and next-to-nearest neighbor
hopping on a square lattice, the dispersion relation is
k = −2t(cos kx + cos ky)− 4t′ cos kx cos ky.
The mean-field Hamiltonian can be diagonalized by a
Bogoliubov transformation,9 and the resulting gap equa-
tions can be solved numerically by iteration. Occasion-
ally two distinct locally stable solutions of the gap equa-
tions are found. One then has to compute the cor-
responding free energies to discriminate globally stable
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FIG. 1: (Color online) Amplitudes of antiferromagnetic and
superconducting gap functions in the ground state of the
two-dimensional Hubbard model as a function of density, for
U/t = 3 and t′/t = −0.15. Results from a coupled solution
of the magnetic and superconducting gap equations with par-
tial coexistence of orders are compared to purely magnetic
and purely superconducting solutions. The amplitudes are
plotted in units of t.
from metastable states. In case of coexistence of an-
tiferromagnetism and superconductivity, an additional
triplet pairing with pair momentum (pi, pi) is generically
generated.18–20 However, its feedback on the main order
parameters is very weak,9 so that we can safely discard
this additional order parameter in the computation of
∆AFk and ∆
SC
k .
We now show and discuss results for the magnetic and
superconducting order parameters in the ground state
of the hole-doped Hubbard model with a small next-to-
nearest neighbor hopping t′/t = −0.15 and a moderate
Hubbard interaction U/t = 3. The fRG flow has been
computed with a static vertex parametrized via a decom-
position in charge, magnetic and pairing channels,21,22
with s-wave and d-wave form factors as described in Ref.
5. The scale ΛMF was fixed by the condition that the
modulus of one of the coupling functions parametrizing
the vertex reaches the maximal value 50t. With this cri-
terion ΛMF is typically less than 10 percent above Λc.
For the computation of Γ˜ΛMF and the solution of the gap
equations, the momentum dependence was discretized by
partitioning the Brillouin zone in 100 patches.
In Fig. 1 we show results for the amplitudes of the
antiferromagnetic and superconducting gap functions,
∆AF = maxk ∆
AF
k and ∆
SC = maxk ∆
SC
k , as a function
of the electron density. The coupled solution of both gap
equations exhibits an extended region where magnetic
and superconducting order coexist. In the major part of
that region the pairing gap is smaller than the magnetic
gap. Here superconductivity is a secondary instability
within the antiferromagnetic phase, which naturally oc-
curs as a Cooper instability of electrons near the recon-
structed Fermi surface confining hole pockets in the an-
tiferromagnetic state. The pairing gap decreases rapidly
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FIG. 2: (Color online) Momentum dependence of the an-
tiferromagnetic and superconducting gap functions for var-
ious choices of the density. The momentum dependence is
parametrized by the angle φ between k and the kx-axis,
where ∆AFk is evaluated with k on the Umklapp surface
(|kx ± ky| = pi) and ∆SCk with k on the Fermi surface. The
model parameters are the same as in Fig. 1.
as the pockets shrink upon approaching half-filling. Mag-
netic order vanishes at a critical density nAFc situated
slightly above Van Hove filling. Below that density the
state is purely superconducting. The magnetic transi-
tion is continuous such that nAFc is a quantum critical
point.23 Fig. 1 also shows results for the gap amplitudes
as obtained from solutions of the individual gap equa-
tions with either magnetic or superconducting order. A
comparison with the coupled solution confirms that the
two order parameters compete with each other. In par-
ticular, superconductivity is strongly suppressed by anti-
ferromagnetism. In the absence of superconductivity, the
antiferromagnetic regime extends to lower densities and
terminates at a first order transition accompanied by a
density jump, which opens a density window where no
homogeneous solution exists.
For densities below n = 0.95, the two-particle ver-
tex diverges actually at incommensurate wave vectors,
indicating a leading instability toward incommensurate
antiferromagnetic order.5 The resulting ground state is
probably an incommensurate spin density wave state co-
existing with superconductivity. Such states can also be
treated by the fRG + MF theory. Since mean-field equa-
tions for incommensurate magnetic order are more in-
volved, we leave this extension for future studies. For
parameters where pairing is the leading instability, the
results for ∆SC are very close to those from a full fRG
calculation,5 which indicates that the fluctuations below
the scale Λc have indeed limited impact on the size of the
ground state order parameter.
The momentum dependence of the gap functions is
shown in Fig. 2. The antiferromagnetic gap ∆AFk ex-
hibits only a moderate modulation around a constant.
The superconducting gap ∆SCk obeys the expected dx2−y2
symmetry, but with visible deviations from the sim-
ple cos kx − cos ky form. In the coexistence regime the
(global) extrema of ∆SCk are shifted away from the axial
directions, as a natural consequence of the Fermi surface
truncation in the antinodal region.
The above results for the gap functions agree quali-
tatively with those obtained previously from the Wick
ordered fRG + MF theory.9 However, the suppression
of ∆SCk by antiferromagnetic order was stronger in that
work. A relatively broad coexistence of antiferromag-
netism and superconductivity as found here has also been
obtained at stronger interactions by embedded quantum
cluster methods.24–26 The results for the order parame-
ters depend to some extent on the precise choice of ΛMF,
but much less than in the Wick ordered fRG + MF ap-
proach.
In summary, we have derived an efficient and unbiased
method for computing order parameters in correlated
electron systems with competing instabilities. Charge,
magnetic and pairing fluctuations above the energy scale
of symmetry breaking are taken into account by an fRG
flow, while the formation of order below that scale is
treated in mean-field theory. The effective interaction
entering the mean-field equations is given by the irre-
ducible part of the two-particle vertex. The method
captures fluctuation driven instabilities such as d-wave
superconductivity in two-dimensional electron systems.
It can deal with any order parameter based on a bi-
linear fermionic expectation value. As a first applica-
tion we have studied the competition between antiferro-
magnetism and superconductivity in the two-dimensional
Hubbard model. An interesting extension would be the
computation of incommensurate magnetic order, in pos-
sible coexistence with superconductivity, which is very
hard to study by other methods. More generally, com-
peting instabilities in complex multi-band systems offer
a wide field of fruitful applications for the fRG + MF
theory.
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